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thogonal matrices (QQT = QTQ = I) in Mn (Z2k−1). Moreover, we
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1. Introduction
It is known that every nonsingular complex matrix can be written as a product of an orthogonal
matrix and a symmetric matrix [2, Theorem 6.4.17]. The sum of two symmetric matrices is again a
symmetricmatrix, and theproduct of twoorthogonalmatrices is again an orthogonalmatrix. However,
every square complex matrix can be written as a product of two symmetric matrices, one of which
may be taken to be nonsingular [1, Corollary 4.4.11]. Hence, a natural question to ask is whether or not
every square matrix can be written as a sum of orthogonal matrices.
When F = C or when F = R, every square matrix (of dimension bigger than or equal to 2)
with entries in F can be written as a sum of orthogonal matrices having entries in F. Moreover, when
F = C, every square matrix (no restriction on the dimension) can be written as a sum of unitary
matrices having entries in F [3].
Let k and n be given positive integers. We letMn (Zk) be the set of all n-by-nmatrices with entries
inZk . A matrix A ∈ Mn (Zk) is called orthogonal if ATA = AAT = I. LetOn,k be the set of all orthogonal
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matrices inMn (Zk). It is known thatOn,k is a group undermultiplication.Wewish to determine those
matrices inMn (Zk) that can be written as a sum of matrices in On,k . Let Eij ∈ Mn (Zk) be the matrix
with entry 1 in its (i, j) position and 0 elsewhere. Notice that if A ∈ Mn (Zk) can be written as a sum
of matrices from On,k , then αA can also be written as a sum of matrices from On,k for every α ∈ Zk .
Moreover, Q1AQ2 can also be written as a sum of matrices from On,k for every Q1,Q2 ∈ On,k . Hence,
if E11 can be written as a sum of matrices from On,k , then each Eij can also be written as a sum of
matrices from On,k , as Eij = Q1E11Q2 for some permutation matrices Q1 and Q2. Moreover, αEij can
also be written as a sum of matrices from On,k , for each α ∈ Zk .
We summarize this result in the following.
Lemma 1. Let k and n be given positive integers. If E11 ∈ Mn (Zk) can be written as a sum of matrices
from On,k, then every A ∈ Mn (Zk) can be written as a sum of matrices in On,k.
When n = 1, notice that every α ∈ Zk can be written as a sum of 1, which is in O1,k . Let n  2,
and set L = diag(1,−1, . . .,−1) ∈ Mn (Zk). Then, 2E11 = I + L is a sum of matrices from On,k .
Lemma 2. Let k and n be given positive integers, with k  2. Then 2E11 ∈ Mn (Zk) can be written as a
sum of matrices from On,k.
Suppose now that k = 2m−1 is odd, withm > 1. Then 2 is a generator ofZ2m−1 (under addition),
and hence αE11 can be written as a sum of matrices fromOn,2m−1, for every α ∈ Z2m−1. In particular,
E11 can be written as a sum of matrices from On,2m−1.
Theorem 3. Let k and n be given positive integers, with k  2. Then every A ∈ Mn (Z2k−1) can be written
as a sum of matrices from On,2k−1.
2. The Case k is even
We now look at the matrices in Mn (Zk) when k is even. Notice that when k = 2, then 2E11 = 0,
and we gained no new information.
When k > 2 is even, then 2 does not generate all of Zk . However, is it still possible to write
E11 ∈ Mn (Zk) as a sum of matrices from On,k?
Let k be a given positive even integer, say k = 2m. We say that an α ∈ Z2m is even if α = 2β for
some β ∈ Z2m. If α ∈ Z2m is not even, then we say that it is odd.
Lemma 4. Let a1, . . ., ak ∈ Z2m be given. If a21 + · · · + a2k = 1, then a1 + · · · + ak is odd.
Proof. Notice that if there are an even number of ai that are odd, then the sum a
2
1 + · · · + a2k is even.
Hence, there are an odd number of ai that are odd, and a1 + · · · + ak is odd. 
Let A ∈ On,2k be given. Then each sum of the squares of the columns of A is 1, and each sum of the
squares of the rows of A is also 1.
Theorem 5. Let k and n be given positive integers. If A ∈ Mn (Z2k) is orthogonal, then the row sums and
the column sums of A are all odd.
Let U1, . . .,Uj ∈ On,2k be given. If A = U1 + · · · + Uj , then each row sum and each column sum
of A has the same parity as j.
Corollary 6. Let k and n be given positive integers. If A ∈ Mn (Z2k) is a sum of matrices inOn,2k, then the
row sums of A have the same parities and the column sums of A have the same parities. Moreover, the row
sums and the column sums also have the same parities.
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Notice now that if n > 1, then E11 ∈ Mn (Z2k) cannot be written as a sum of matrices from On,2k ,
as the first row sum has different parity from the other row sums (and similarly for the columns). The
matrix E11 + E21 ∈ M2 (Z2k) has row sums of odd parity and column sums of even parity, and so
cannot be written as a sum of matrices from O2,2k .
2.1. Reduction to Z2
Let k and n be given positive integers with n  2. We now find those matrices inMn (Z2k) that can
be written as a sum of matrices from On,2k. Lemma 2 guarantees that 2E11 can be written as a sum
of orthogonal matrices in Mn (Z2k). Hence, if α ∈ Z2k is even, then αEij can be written as a sum of
matrices in On,2k.
Lemma 7. Let k and n be given positive integers with n  2. Let A ∈ Mn (Z2k) have even entries only.
Then A can be written as a sum of matrices in On,2k.
Let A, B ∈ Mn (Z2k) be given. Suppose that B can be written as a sum of matrices in On,2k. Then A
can be written as a sum of matrices in On,2k if and only if A + B can be written as a sum of matrices
in On,2k. Now, Lemma 7 guarantees that every B ∈ Mn (Z2k) with even entries can be written as a
sum of matrices in On,2k. Hence, to characterize the matrices in Mn (Z2k) that can be written as a
sum of matrices in On,2k , we need only look at those matrices with entries 0 and 1. Moreover, we
only need to determine those matrices in Mn (Z2) that can be written as a sum of matrices in On,2.
Notice now that On,2 contains the permutation matrices, which are also in On,2k for each positive
integer k.
When n = 2 or when n = 3, the setOn,2 is precisely the set of permutation matrices. The story for
n  4, however, is different. Set En ≡ [1] ∈ Mn (Z2), that is, the matrix of all 1. For any permutation
matrices P,Q ∈ Mn (Z2), notice that PEn = EnQ = En. Moreover, if n is even, then E2n = 0; if n
is odd, then E2n = En. Now, suppose that n is even (and is greater than or equal to 4). Then, for any
permutation Q ∈ Mn (Z2), we have P ≡ Q + En is orthogonal. Moreover, P1 ≡ [1] ⊕ P ∈ Mn+1 (Z2)
is also orthogonal.
For n  2, we look at some matrices inMn (Z2) that can be written as a sum of matrices in On,2.
1. Matrices that can be written as Q1BQ2, where B can be written as a sum of matrices inOn,2, and
any Q1,Q2 ∈ On,2.
2. Every matrix in On,2, in particular the permutation matrices.
3. The zero matrix. 0 = Q + Q for any Q ∈ On,2.
4. En ≡ [1], that is, the matrix with all entries 1. Set Fi,n ≡ E1,i + E2,i+1 + · · · + En,i+n, where
the subscripts are taken modulo n. Fi,n is a permutation matrix (for each i = 1, . . ., n) and
En = F1,n + · · · + Fn,n.
5. A1 ≡
⎡
⎣ 1 1
1 1
⎤
⎦⊕0,where0 ∈ Mn−2 (Z2) ifn > 2and is absent ifn = 2.A1 =
⎛
⎝
⎡
⎣ 1 0
0 1
⎤
⎦⊕ In−2
⎞
⎠
+
⎛
⎝
⎡
⎣ 0 1
1 0
⎤
⎦⊕ In−2
⎞
⎠.
6. A2,n ≡
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
1 1 · · · 1
1 0 · · · 0
... 0
. . . 0
1 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, if n is odd. Here, A2,n = En + (0 ⊕ En−1) and
0 ⊕ En−1 = ∑n−1i=1
(
[1] ⊕ Fi,n−1).
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7. A3,n ≡
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
0 1 · · · 1
1 0 · · · 0
... 0
. . . 0
1 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, if n is even. Here, A3,n = En + ([1] ⊕ En−1) and [1] ⊕ En−1 =
∑n−1
i=1
(
[1] ⊕ Fi,n−1).
8. A4,n ≡
⎡
⎣ 1 0
0 F
⎤
⎦ ∈ Mn (Z2), where F ∈ Mn−1 (Z2) is a sum of an odd number of matrices from
On−1,2. Say, F = Q1 + · · · + Q2m+1. Set Pi ≡ [1] ⊕ Qi, for i = 1, . . ., 2m + 1, and notice that
each Pi ∈ On,2 and that A4,n = P1 + · · · + P2m+1.
2.2. The Case n = 2
We now take a closer look at the case n = 2. Notice that the only matrices in O2,2 are I and
J2 ≡
⎡
⎣ 0 1
1 0
⎤
⎦. Hence the only matrices inM2 (Z2) that can be written as a sum of matrices inO2,2 are
I, J2, E2 = I + J2, and 0.
Theorem 8. Let k be a given positive integer. Let B =
⎡
⎣ a b
c d
⎤
⎦ ∈ M2 (Z2k). The following are equivalent.
1. B can be written as a sum of matrices in O2,2k .
2. a and d have the same parities, and b and c have the same parities.
3. The row sums of B and the column sums of B have the same parities.
2.3. Main theorem
We prove the following theorem.
Theorem 9. Let k and n  2 be given positive integers. Let B ∈ Mn (Z2k) be given. Then B can be written
as a sum of matrices in On,2k if and only if the row sums of B and the column sums of B have the same
parities.
Because of Corollary 6, we only need to show that if the row sums of B and the column sums of B
have the same parities then B can be written as a sum of matrices in On,2k. Hence, assume that the
row sums of B and the column sums of B have the same parities. Since we can always add PA1Q to B,
where P,Q ∈ On,2k and A1 is the fifthmatrix in the list, we can further assume that B does not contain
E2 as a submatrix.
Definition 10. Let k and n  2 be given positive integers. Let B ∈ Mn (Z2k) be given. We say that B
has a parity if the row sums of B and the column sums of B all have the same parities. Such common
parity is what we call the parity of B.
Let A ∈ Mn (Z2k). Suppose that A has an odd parity. Then A + Q has an even parity for every
Q ∈ On,2k . Moreover, if A has an even parity, then A + Q has an odd parity for every Q ∈ On,2k.
We look at the cases n = 3 and n = 4 to get a feel of our reduction (or induction).
Suppose that B ∈ M3 (Z2k) has a parity. We show that B can be written as a sum of matrices in
O3,2k . It is without loss of generality to assume that B has an odd parity, otherwise, we consider B + I.
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Case 1. The first row of B is r1 = [1 1 1]. If all the other entries of B are 0, then B has no parity.
Hence,Bhasat least onemore1,whichwecanput in thefirst column(bypermuting thecolumns,
if necessary). Because B has an odd parity, the first column of B, c1 = rT1 . Further, because we
have assumed that B does not contain E2 as a submatrix, we have B = A2,3, which is a sum of
matrices in O3,2.
Case 2. The first row of B is r1 = [1 0 0]. If c1 = [1 1 1]T , then we look at BT and notice that
this has been dealt with in Case 1. Hence, we may assume that c1 = rT1 . In this case. we have
B = [1]⊕C, whereC ∈ M2 (Z2)has an oddparity, and canbewritten as a sumof an oddnumber
of matrices fromO2,2, say C = Q1 + · · · + Q2m−1. Set Pi ≡ [1]⊕Qi, for i = 1, . . ., 2m− 1, and
notice that B = P1 + · · · + P2m−1.
We now look at the case when n = 4. We may assume that B has an odd parity. Now, the first row
of B contains (at least) one 1 and (at least) one 0. Also, the first column of B contains (at least) one 1
and (at least) one 0. Hence, we may assume that
B =
⎡
⎢⎢⎢⎢⎢⎢⎣
1 b12 b13 0
b21 b22 b23 b24
b31 b32 b33 b34
0 b42 b43 b44
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Set
C ≡
⎡
⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 b22 b23 b24 + b21
0 b32 b33 b34 + b31
0 b42 + b12 b43 + b13 b44
⎤
⎥⎥⎥⎥⎥⎥⎦
and D ≡
⎡
⎢⎢⎢⎢⎢⎢⎣
0 b12 b13 0
b21 0 0 b21
b31 0 0 b31
0 b12 b13 0
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Then B = C+D. If b12 = 0, then b13 = 0 since B has an odd parity. If b12 = 1, then b13 = 1. Moreover,
if b21 = 0, then b31 = 0, and if b21 = 1, then b31 = 1. In each of these cases, notice that D can be
written as a sum of an even number of matrices inO4,2, as D is a sum ofmatrices that are permutation
equivalent to E2 ⊕ 0. Now, C = [1] ⊕ F , where F ∈ M3 (Z2) has an odd parity and can be written
as a sum of an odd number of matrices in O3,2, say F = Q1 + · · · + Q2m−1. Set Pi ≡ [1] ⊕ Qi, for
i = 1, . . ., 2m − 1. Then each Pi ∈ O4,2, and B = P1 + · · · + P2m−1.
Lemma 11. Let n and k be given positive integers with n  3. Let B = [bij] ∈ Mn (Z2k) have an odd
parity. Suppose that b11 = 1. Suppose further that the entries in the first row are not all 1 and that the
entries in the first column are not all 1. Then B = C +D, where C = [1]⊕ F, with F ∈ Mn−1 (Z2k) having
an odd parity and D ∈ Mn (Z2k) is a sum of matrices in On,2k.
Proof. It is without loss of generality to assume that b1n = 0 and bn1 = 0. When n = 3, then
b12 = b21 = 0, and we may take D = 0. Suppose now that n  4. Let r1 be the first row of B and let
c1 be the first column of B. Take s to be the vector with the same entries as r1 but with the first entry
changed to 0. Take t to be the vector which has the same entries as c1 except in the first position. Set
D as the matrix with first and last columns t, first and last rows s, and 0 elsewhere. Notice that the
number of 1 in t is even, and that the number of 1 in s is also even. Hence, D can be written as a sum
of matrices that are permutation equivalent to E2 ⊕ 0, and hence, can be written as a sum of matrices
in On,2k. Notice also that C = B + D has the form C = [1] ⊕ F , where F ∈ Mn−1 (Z2). Because B has
an odd parity and because D has an even parity, F has an odd parity. 
We are now ready to prove Theorem 9. We use mathematical induction. The base cases n = 2, 3,
and 4 have already been established. Suppose now that the claim is true for n  m. Let n = m + 1,
and let B ∈ Mm+1 (Z2) have an odd parity and contains no E2 as a submatrix.
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If n is even, then the first row of B contains at least one 1. It is without loss of generality to assume
that b11 = 1. Because n is even and because B is of odd parity, the first row of B contains at least
one 0. For the same reasons, the first column of B contains at least one 0. Lemma 11 guarantees that
B = C + D, where C = [1] ⊕ F , with F ∈ Mn−1 (Z2k) having an odd parity and D ∈ Mn (Z2k) is a
sum of matrices in On,2k. Now, our inductive hypothesis guarantees that F can be written as a sum of
an odd number of matrices in On−1,2k , so that C has the form of the matrix that is eighth in our list.
If n is odd and if the first row and the first column of B has at least one 1 and at least one 0, we
proceed as in the case when n is even. Suppose now that the first row of B contains only 1. Notice that
the second row of B cannot contain 0 only as B has an odd parity. Permute the columns so that the
second entry of the first column of B is 1 (recall that the first row of B contains only 1). We consider
two cases: (i) the first column of B has at least one 0, and (ii) the first column of B contains only 1. In
the first case, take a look at C ≡ B+ A2,n + I. Notice that C = [cij] has an odd parity, c11 = 1, and that
c12 = c21 = 0, so that the conditions of Lemma 11 are satisfied.
For the remaining case, the first row of B contains only 1 and the first column of B contains only
1. Because we have assumed that B contains no E2, we have B = A2,n, which is a sum of matrices in
On,2k.
Ourfinal result involvesmatriceswithentries inZ. Letn  2beagiven integer. Then, 2E11 ∈ Mn (Z)
is a sum of orthogonal matrices in Mn (Z). Moreover, −2E11 = (2E11) (−I) can also be written as a
sum of orthogonal matrices in Mn (Z). Hence, the characterization of matrices in Mn (Z) that can be
written as a sum of orthogonal matrices in Mn (Z) once again reduces to those matrices in Mn (Z2)
that can be written as a sum of matrices in On,2.
Corollary 12. Let n  2 be a given integer. Then B ∈ Mn (Z) can be written as a sum of orthogonal
matrices in Mn (Z) if and only if the row sums of B and the column sums of B have the same parities.
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